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Abstract
We show that U(∞) symmetry transformations of the noncommutative field theory
in the Moyal space are generated by a combination of twoW1+∞ algebras in the Landau
problem. Geometrical meaning of this infinite symmetry is illustrated by examining
the transformations of an invariant subgroup on the noncommutative solitons, which
generate deformations and boosts of solitons. In particular, we find that boosts of
solitons, which was first introduced in Ref[22], are valid only in the infinite θ limit.
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1 Introduction
Noncommutative field theory has been an intense topic of research among string/field theory
community for the last few years. One reason is that such a theory naturally appears in the
low-energy description of D-brane dynamics in the presence of a constant Neveu-Schwarz B
field background [1] [2] [3] [4] [5]. More recently, soliton solutions of noncommutative scalar
[6] and scalar-gauge [7] [8] [9] theories were constructed. These topological objects were then
applied to the construction of D-branes as solitons of the tachyon field in noncommutative
open string theory [10] [11] [12].
The notion of noncommutative coordinates is not a new idea in physics community. In
fact, it has been known for a long time in condense matter physics that two-dimensional
quantum Hall system realizes the simplest non-commutative geometry [13], whose appear-
ance can be traced back to the quantum realization of projective representation for the
magnetic translation group. Consequently, it is not surprising that quantum Hall system
offers some kind of toy model in the study of noncommutative string/field theories. Recent
development of exact realization of the first quantized Laughlin wave function by an abelian
noncommutative Chern-Simons theory was along this line of thought [14].
In this paper, we shall unfold another interesting connection between noncommutative
field theory and the quantum Hall theory. Namely, we show that U(∞) symmetry transfor-
mations of the non-commutative field theory in the Moyal space are generated by a combi-
nation of two W1+∞ algebras in the Landau problem [15] [16] [17] [18] [19] [20].
As an application, one can use this algebra as a soliton generating algebra to generate
non-radially symmetric solitons. To get some geometrical meaning of our new solitons, we
discuss and explicitly calculate an invariant subalgebra of this soliton generating algebra and,
in particular, use it to generate deformations and boosts of solitons. We find that boosts
of solitons, which was first introduced in Ref[22], are valid only in the infinite θ limit. The
argument of eqs (12) and (13) used in Ref[22] was misleading for the finite θ case. This can
be seen from our calculation that area-preserving, or W1+∞ symmetry, is violated for the
finite θ case.
2
2 U(∞) Symmetry in Noncommutative Field theory
The two-dimensional noncommutative plane is defined by a commutation rule between its
coordinates, ~x = (xˆ, yˆ),
[xˆ, yˆ] = iθ. (1)
The operator algebra A defined on this noncommutative plane is generated by the formal
power series in the noncommutative coordinates,
A ≡ {Aˆ(~x)|Aˆ(~x) =∑
mn
amnxˆ
myˆn}. (2)
The Weyl-ordered operator on the noncommutative plane can be generated from a function
defined on the Moyal space,
φˆ(~x) =
∫
d2~x
∫
d2~k
(2π)2
ei
~k(~x−~x)φ(~x), (3)
and we have the following isomorphism between operator product and star-product,
(φˆ · ψˆ)(~x) =
∫
d2~x
∫
d2~k
(2π)2
ei
~k(~x−~x)(φ ∗ ψ)(~x), (4)
where the star-product is defined as
φ(~x) ∗ ψ(~x) ≡ exp
[
i
θǫij
2
∂
∂yi
∂
∂zj
]
φ(~y)ψ(~z) |~y=~z=~x, i, j = 1, 2. (5)
It is convenient to introduce the annihilation and creation operators,
c ≡ xˆ+ iyˆ√
2θ
, c† ≡ xˆ− iyˆ√
2θ
, [c, c†] = 1. (6)
Any operator in A can be expanded in terms of the occupation-number operator basis,
Aˆ(~x) =
∞∑
m,n=0
amnφˆmn, (7)
where the operator basis φˆmn is defined as
φˆmn ≡ |m >< n| = (c
†)m√
m!
|0 >< 0| c
n
√
n!
. (8)
We also take the following definitions of commutative variables,
z ≡
√
2
θ
(x+ iy), z¯ =
√
2
θ
(x− iy); kc ≡
√
θ
2
(kx + iky), k¯c =
√
θ
2
(kx − iky). (9)
3
The action of the noncommutative scalar-gauge theory can be written as
L = Tr[−1
4
FˆijFˆ
ij + (Diφˆ)
†(Diφˆ) + V (φˆ)], (10)
where the field strength tensor is
Fij ≡ ǫki
iθ
[xˆk, Aˆj]− ǫkj
iθ
[xˆk, Aˆi] + ig[Aˆi, Aˆj] (11)
and the covariant derivatives are
Diφˆ ≡ ǫki
iθ
[xˆk, φˆ]− ig[Aˆi, φˆ], (12)
Diφˆ ≡ ǫki
iθ
[xˆk, φˆ]− igAˆiφˆ, (13)
for real and complex scalar fields, respectively. In the complex case eq.(13), for our purpose,
we only introduce one piece of gauge field (see eq.(16)).
The action in eq.(10) obviously contains the U(∞) symmetry which will be discussed in
the next section. One interesting discovery recently was that the theory possesses various
soliton solutions which turns out to be important in many applications [21]. The original
GMS solitons, for example, are radially symmetric solutions of real scalar theory in the
infinite θ limit,
φn(z, z¯) = 2(−1)nLn(|z|2) exp−
|z|2
2 , n = 0, 1, ... (14)
which can be constructed from the corresponding projection operators in the operator algebra
A. The U(∞) symmetry mentioned above can then be used to generate more general non-
radially symmetric solitons through the following transformation
φˆ→ UφˆU †. (15)
Similar technique and its generalization [9] can be applied to the case of complex scalar-
gauge theory. The transformation for the scalar is
φˆ→ φˆU. (16)
In this case, for simplicity, we consider only right-handed U(1) gauge symmetry or half of the
U(∞) symmetry. In the next section, we will give an explicit form of these transformations
on the corresponding Moyal function space.
4
3 W1+∞ Algebras in Quantum Hall Theory from U(∞)
Symmetry
To calculate eq.(15) in the corresponding Moyal function space, we first choose the occupation-
number operators as a basis of the operator algebra A,
φˆmn = |m >< n| = (c
†)m√
m!
: exp[−c†c] : c
n
√
n!
, (17)
where the normal-ordering has been introduced in the second equality. On the other hand,
the corresponding function basis ϕmn on the Moyal space can be defined through eq.(3)
φˆmn ≡ |m >< n| =
∫
d2~x
∫
d2~k
(2π)2
ei
~k(~x−~x)ϕmn(~x). (18)
The momentum space function basis can be calculated to be
ϕ˜mn(~k) =
1√
m!n!
e
kckc¯
2
(
i
∂
∂kc
)m (
i
∂
∂kc¯
)n
χ˜00(~k), (19)
where
χ˜00(~k) ≡ (2πθ)e− θ
~k
2
2 . (20)
Taking Fourier transform and after a series of integration by parts, we get
ϕmn(z, z¯) =
1√
m!n!
∫
d2~k
(2π)2
[(
−i ∂
∂kc
)m
e
1
2
(kckc¯+ikcz¯+ikc¯z)
](
i
∂
∂kc¯
)n
χ˜00(~k)
=
1√
m!n!
[(
− ∂
∂z
+
z¯
2
)]m ∫
d2~k
(2π)2
e
1
2
(kckc¯+ikcz¯+ikc¯z)
(
i
∂
∂kc¯
)n
χ˜00(~k).
Similar procedure can be used to simplify the kc¯ partial derivatives, and we have
ϕmn(z, z¯) =
1√
m!n!
[(
− ∂
∂z
+
z¯
2
)]m [(
− ∂
∂z¯
+
z
2
)]n
ϕ00(z, z¯),
=
√
2πθ√
m!n!
(a†)m(b†)nΦ00(z, z¯) =
√
2πθΦmn(z, z¯). (21)
where a†, b† and Φ00 are given by
a† ≡ − ∂
∂z
+
z¯
2
, b† ≡ − ∂
∂z¯
+
z
2
, (22)
Φ00(~x) =
√
2
πθ
exp[−~x
2
θ
]. (23)
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It is important that a† and b† are commuting operators, so that their ordering is immaterial.
The physical meaning of these operators in the quantum Hall theory [13] [15] will be discussed
at the end of this section.
We are now ready to calculate the corresponding Moyal functional form of general non-
radially symmetric solitons in eq.(15). To be more specific, we examine the unitary trans-
formation, U = exp[iFˆ ], on the noncommutative scalar function
δφˆ = UφˆU † − φˆ ≈ i[Fˆ , φˆ], (24)
where Fˆ is the generating function of the U(∞) transformation, and can be expressed in
terms of the occupation number basis
Fˆ =
∞∑
r,s=0
ξrsJrs, Jrs ≡ (c†)rcs. (25)
For a Hermitian generator, Fˆ = Fˆ †, the group parameters satisfy ξ∗rs = ξsr. One can show
that
(−i)δrsφˆmn ≡ [Jrs, φˆmn] = (c†)rcs|m >< n| − |m >< n|(c†)rcs
= θ(m− s)
√
m!(m+ r − s)!
(m− s)! φˆm+r−s,n
− θ(n− r)
√
n!(n− r + s)!
(n− r)! φˆm,n−r+s, (26)
where θ(n) = 1 if n ≥ 0, and θ(n) = 0 otherwise.
By using eqs.(21),(26), one can calculate the corresponding transformation on the func-
tion basis of the Moyal space
(−i)δrsϕmn(z, z¯) =
√
2πθ [ θ(m− s)
√
m!
(m− s)!√n! (a
†)m+r−s(b†)n
− θ(n− r)
√
n!
(n− r)!√m! (a
†)m(b†)n−r+s]Φ00(z, z¯)
= [(a†)ras − (b†)sbr]ϕmn(z, z¯). (27)
One can thus easily identify the corresponding symmetry generators in the Moyal space to
be
Jrs ↔ Lars − Lbsr ≡ (a†)ras − (b†)sbr. (28)
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Similar consideration for complex scalar function in eq (16) gives us
Jrs ↔ Lbrs ≡ (b†)rbs. (29)
If we have used the left-handed gauge transformation in eq.(16), the corresponding generators
will be (a†)ras.
It is interesting to note that either Lb or La in eq.(28) generates a W1+∞ algebra [15] [16]
[17] [18] [19] [20], respectively,
[Lmn,Lkl] =
min(n,k)∑
s
(n+ 1)!(k + 1)!
(n− s)!(s+ 1)!(k − s)!Lm+k−s,n+l−s − (m↔ k, n↔ l). (30)
This infinite symmetry was discovered some time ago in the study of quantum Hall theory,
where the underlying physics is described by the Landau problem [13].
The Hamiltonian of the Landau problem in the symmetry gauge is
H = − h¯
2
2µ
(~p− e ~A)2 = hω(a†a + 1/2), ~A = (−1
2
By,
1
2
Bx), (31)
where the cyclotron frequency is ω = eB
µ
, and the noncommutative parameter θ is related to
the magnetic field by
θ =
4h¯
eB
. (32)
In eq.(31), a and a† as defined in eq.(22) are the mechanical momenta of the electron,
and W a1+∞ can be interpreted as the energy generating algebra. On the other hand, the
physical meaning of b and b† defined in eq.(22) are the so-called magnetic translations of
the Hall system. They both commute with the Hamiltonian due to the trivial translational
symmetry of the Hall system. The projective representation of these two noncommutative
translations is given by [13]
Tξ,ξ¯ ≡ exp[ξb† − ξ¯b] ⇒ Tξ,ξ¯ Tη,η¯ = exp[
ξη¯ − ξ¯η
2
] Tξ+η,ξ¯+η¯. (33)
It is remarkable that one can extend this symmetry to an infinite symmetry due to the non-
commutativity of these two magnetic translations. Defining an infinite number of conserved
charges as in eq.(29), it is not difficult to see that they form the W1+∞ algebra in eq.(30).
One geometric implication of these two W1+∞ algebras is the manifestation of the well-
known area preserving property of each Landau states as will be discussed in the next section.
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We thus have shown that the star-product representation of U(∞) symmetry of eq.(15) or
eq.(16) in the non-commutative field theory is generated by two W1+∞ algebras, W
a
1+∞ and
W b1+∞, of the Landau problem. One obvious application is to use this algebra to explicitly
construct the deformed GMS solitons.
There exists a well-known solution generating technique [9] to generate new solitons with
different topological charges. In particular, instead of using the unitary U in eq.(24), one
introduces the non-unitary isometry or shift operator,
Sk ≡
∞∑
p=0
|p+ k >< p|, (34)
and the new solitons generated in the Moyal-space will be
SkφˆmnS
†
k ⇒
√
2πθ m! n!
(m+ k)!(n+ k)!
(a†)k(b†)kΦmn. (35)
4 Geometrical Meaning of the U(∞) Symmetry in Non-
commutative Field Theory
Having established the connections between U(∞) symmetry in the noncommutative field
theory and W1+∞ algebras in the quantum Hall theory, it is instructive to illustrate the
concrete geometrical meaning of this infinite symmetry. For this purpose, it is sufficient to
examine the finite subgroup transformation of the U(∞) symmetry on the noncommutative
solitons in eq.(14). This finite group is defined by a truncation of the generating function of
the symmetry
U = exp[iFˆ (c, c†)], Fˆ † = Fˆ , (36)
up to second order in c and c†,
Fˆ (c, c†) = α0 + ξc
† + ξ¯c+ β1(c
†c) + β2(c
† − c)2 + β3[(c†)2 + c2]. (37)
Due to the simple commutation relation, [c, c†] = 1, one can verify that this finite set of
generators is closed under group multiplication. We shall evaluate the induced transforma-
tions of this subgroup on the noncommutative scalar function. To solve for the induced
transformations, we first decompose any elements in the subgroup into four independent
transformations,
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1. translation: UT (ξ) ≡ exp[ξc† − ξ¯c], UT ~x U †T = ~x− ~ξ.
2. rotation: UR(θ) ≡ exp[iθc†c], UR ~x U †R = R~x.
3. squeeze: US(α) ≡ exp[α2 (c2 − (c†)2)], US ~x U †S = (eαxˆ, e−αyˆ).
4. shearing: UH(β) ≡ exp[−iβ4 (c† − c)2], UH ~x U †H = (xˆ+ βyˆ, yˆ).
It is easy to check that
Uei
~k~xU † = ei
~k·(V ~x), (38)
where V represents the corresponding transformations, translation,rotation..etc on the plane.
The induced transformations of the scalar function is then calculated to be
φˆU(~x) ≡ Uφˆ(~x)U † ≡
∫
d2~k
(2π)2
ei
~k~xϕ˜U(~k) ⇒ ϕU(~x) = ϕ(V ~x). (39)
The induced transformations above generate a finite subgroup of w1+∞, namely, the two
dimensional area-preserving diffeomorphism (APD). This finite subgroup is defined as the
direct product of translation group (parameterized by a vector ~ξ) and the SL(2, R) group
(parameterized by a 2×2 matrixM with unit determinant), and the action of group element
on the two-dimensional coordinates is given by
V (x, y) =M~x + ~ξ = (ax+ by + ξx, cx+ dy + ξy), detM = ad− bc = 1. (40)
The subgroup has an identity element (M = 1, ~ξ = 0), and one can show that the composition
rule defines a closed algebra under group multiplication.
V1 ◦ V2 ≡ (M2, ~ξ2) ◦ (M1, ~ξ1) = (M2 ·M1, M2~ξ1 + ~ξ2). (41)
Finally, the associativity follows naturally from the definition of group multiplication.
Since there are only three independent parameters in SL(2, R), we can decompose any
group element in the SL(2, R) by three independent transformations,
M = MR ·MH ·MS, (42)
where
MR ≡
(
cos θ sin θ
− sin θ cos θ
)
, MH ≡
(
1 β
0 1
)
, MS ≡
(
eα 0
0 e−α
)
. (43)
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These three transformations represent rotation, shearing, and squeeze, respectively. Given
any SL(2, R) matrix, one can solve the three independent group parameters as follows,
M =
(
m11 m12
m21 m22
)
→


α = 1
2
ln(m211 +m
2
21)
β = m11m12 +m21m22
θ = arctan
(
−m21
m11
) . (44)
Finally, we list the generating functions associated with these transformations:
1. translation
δx = ξx =
∂FT
∂y
, δy = ξy = −∂FT
∂x
, ⇒ FT = −ξyx+ ξxy. (45)
2. rotation
δx = θy =
∂FR
∂y
, δy = −θx = −∂FR
∂x
, ⇒ FR = θ
2
(x2 + y2). (46)
3. squeeze
δx = αx =
∂FS
∂y
, δy = −αy = −∂FS
∂x
, ⇒ FS = αxy. (47)
4. shearing
δx = βy =
∂FH
∂y
, δy = 0 = −∂FH
∂x
, ⇒ FH = β
2
y2. (48)
One can now use these transformations to explicitly generate new solitons. For example,
we can use squeeze and shearing to generate nonradially symmetric solitons. One other
interesting case is the boosted solitons [22], which has been discussed in the literature. It
has been known that Lorentz boost accompanied by a rescaling of θ remains a symmetry of
noncommutative field theory. The boosted soliton is easily calculated to be
φvn(x, y, t; θ) = φn(γ(x− vt), y; γθ) = φn(
√
γ(x− vt), y√
γ
; θ) (49)
where γ is the Lorentz boost parameter and φn are the radially symmetrical GMS solitons,
eq.(14). The first equality of eq.(49) defines the Lorentz boost of noncommutative field
theory. It is now clear from the second equality that the boosted soliton in fact results from
a combined transformations of translation and squeeze (without θ rescaling) discussed in
this section. The key mechanism that is functioning behind these transformations is the
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principle of area-preserving, or W1+∞ algebra, discussed in this paper. It is worth noting
that the boosted solution of finite θ scalar field theory considered in [22] is area-preserving
only approximately since the U(∞) symmetry is violated by the kinetic term.
5 Summary and Discussion
In this paper, we have identified the U(∞) symmetries of noncommutative field theory and
W1+∞ algebras of quantum Hall theory. Many important properties of the W1+∞ algebra,
such as area-preserving, Moyal noncommutativity and magnetic translations etc. can then
help us to understand the dynamics of D-branes and noncommutative field theory. In par-
ticular, we have applied this result to explicitly construct various deformed noncommutative
solitons including boosted solitons. The result presented here applies to both pure scalar
theory with infinite θ parameter and scalar-gauge theories with finite or infinite θ param-
eter. It also justifies the close relation between quantum Hall theory and noncommutative
field theory as have been suggested recently [14]. Many interplays between these two fast
developing fields remain to be uncovered.
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